Abstract. Let R be a ring and (σ, δ) a quasi-derivation of R. In this paper, we show that if R is an (σ, δ)-skew Armendariz ring and satisfies the condition (C σ ), then R is right p.q.-Baer if and only if the Ore extension R[x; σ, δ] is right p.q.-Baer. As a consequence we obtain a generalization of [11] .
Introduction
Throughout this paper, R denotes an associative ring with unity. For a subset X of R, r R (X) = {a ∈ R|Xa = 0} and ℓ R (X) = {a ∈ R|aX = 0} will stand for the right and the left annihilator of X in R respectively. By Kaplansky [12] , a right annihilator of X is always a right ideal, and if X is a right ideal then r R (X) is a two-sided ideal. An Ore extension of a ring R is denoted by R[x; σ, δ], where σ is an endomorphism of R and δ is a σ-derivation, i.e., δ : R → R is an additive map such that δ(ab) = σ(a)δ(b) + δ(a)b for all a, b ∈ R (the pair (σ, δ) is also called a quasi-derivation of R). Recall that elements of R[x; σ, δ] are polynomials in x with coefficients written on the left. Multiplication in R[x; σ, δ] is given by the multiplication in R and the condition xa = σ(a)x + δ(a), for all a ∈ R. We say that a subset X of R is (σ, δ)-stable if σ(X) ⊆ X and δ(X) ⊆ X. Recall that a ring R is (quasi)-Baer if the right annihilator of every (right ideal) nonempty subset of R is generated by an idempotent. Kaplansky [12] , introduced Baer rings to abstract various property of AW * -algebras and Von Neumann algebras. Clark [7] , defined quasi-Baer rings and used them to characterize when a finite dimensional algebra with unity over an algebraically closed field is isomorphic to a twisted matrix units semigroup algebra. Another generalization of Baer rings are the p.p.-rings. A ring R is a right (respectively, left) p.p.-ring if the right (respectively, left) annihilator of an element of R is generated by an idempotent (right p.p.-rings are also known as the right Rickart rings). R is called a p.p.-ring if it is both right and left p.p.-ring. Birkenmeier et al. [4] [4] .
From Birkenmeier et al. [3] , an idempotent e ∈ R is left (respectively, right) semicentral in R if ere = re (respectively, ere = er), for all r ∈ R. Equivalently, e 2 = e ∈ R is left (respectively, right) semicentral if eR (respectively, Re) is an ideal of R. Since the right annihilator of a right ideal is an ideal, we see that the right annihilator of a right ideal is generated by a left semicentral in a quasi-Baer (p.q.-Baer) ring. We use S ℓ (R) and S r (R) for the sets of all left and right semicentral idempotents, respectively. Also note S ℓ (R) ∩ S r (R) = B(R), where B(R) is the set of all central idempotents of R. If R is a semiprime ring then S ℓ (R) = S r (R) = B(R). Recall that R is a reduced ring if it has no nonzero nilpotent elements. A ring R is abelian if every idempotent of R is central. We can easily observe that every reduced ring is abelian.
According to Krempa [13] , an endomorphism σ of a ring R is called rigid if aσ(a) = 0 implies a = 0 for all a ∈ R. We call a ring R σ-rigid if there exists a rigid endomorphism σ of R. Note that any rigid endomorphism of a ring R is a monomorphism and σ-rigid rings are reduced by Hong et al. [11] . A ring R is called Armendariz (respectively, σ-skew
Note that (σ, δ)-skew Armendariz rings are generalization of σ-skew Armendariz rings, σ-rigid rings and Armendariz rings, see Hong et al. [10] , for more details. Following Hashemi and Moussavi [8] , a ring R is σ-compatible if for each a, b ∈ R, aσ(b) = 0 ⇔ ab = 0. Moreover, R is said to be δ-compatible if for each a, b ∈ R, ab = 0 ⇒ aδ(b) = 0. If R is both σ-compatible and δ-compatible, we say that R is (σ, δ)-compatible. In this paper, we prove that if R is an (σ, δ)-skew Armendariz ring and satisfies the condition (C σ ) (see Definition 1), then R is right p.q.-Baer if and only if the Ore extension R[x; σ, δ] is right p.q.-Baer. If R is a σ-rigid ring then R is (σ, δ)-skew Armendariz ring and satisfies the condition (C σ ). So that we obtain a generalization of [11, Corollary 15 ].
Preliminaries and Examples
For any 0 ≤ i ≤ j (i, j ∈ N), f j i ∈ End(R, +) will denote the map which is the sum of all possible words in σ, δ built with i letters σ and j − i letters δ (e.g., f n n = σ n and f n 0 = δ n , n ∈ N). For any n ∈ N and r ∈ R we have
Lemma 2.1. Let R be a ring and a, b, c ∈ R such that b ∈ r R (cR) = eR and Re is (σ, δ)-stable for some e ∈ S ℓ (R). Then: 
There is an example of a ring R and an endomorphism σ of R such that R is σ-skew Armendariz and R is not σ-compatible.
Example 1. Consider a ring of polynomials over
In the next example, S = R/I is a ring and σ an endomorphism of S such that S is σ-compatible and not σ-skew Armendariz.
Example 2. Let Z be the ring of integers and Z 4 be the ring of integers modulo 4. Consider the ring
Take the ideal I = a 0 0 a |a ∈ 4Z of R. Consider the factor ring
If AB = 0 then aa ′ = 0 and ab ′ = ba ′ = 0, so that Aσ(B) = 0. The same for the converse. Therefore R/I is σ-compatible.
Example 3. Consider the ring
where Z and Q are the set of all integers and all rational numbers, respectively. The ring R is commutative, let σ : R → R be an automorphism defined by σ a t 0 a = a t/2 0 a .
(ii) σ(Re) ⊆ Re for all e ∈ S ℓ (R). R has only two idempotents,
3. Ore extensions over right p.q.
-Baer rings
The principally quasi-Baerness of a ring R do not inherit the Ore extensions of R. The following example shows that, there exists an endomorphism σ of a ring R such that R is right p.q.-Baer, Re is σ-stable for all e ∈ S ℓ (R) and not satisfying (C σ ), but R[x; σ] is not right p.q.-Baer. 
Note that R[x; σ] has only two idempotents 0 and 1 by simple computation. Since (ii) R does not satisfy the condition (C σ ). Take f = a 0 + a 1 t + a 2 t 2 + · · · + a n t n and
(iii) R has only two idempotents 0 and 1 so Re is σ-stable for all e ∈ S ℓ (R). 
There is e i ∈ S ℓ (R) such that r R (c i R) = e i R, for i = 0, 1, · · · , n. Let e = e n e n−1 · · · e 0 , then e ∈ S ℓ (R) and eR = n i=0 r R (c i R).
So, we have the following system of equations:
c n σ n (ba m ) = 0; But c n se n a m−1 = 0, so c n σ n (se n a m−1 ) = 0. Thus c n−1 σ n−1 (se n a m ) = 0, so c n−1 se n a m = 0 but e n a m = a m , the eq. (1 ′ ) yields c n−1 sa m = 0. Hence a m ∈ r R (c n−1 R), thus a m ∈ e n e n−1 R and so c n σ n (ba m−1 ) = 0, so c n ba m−1 = 0, thus a m−1 ∈ e n R = r R (c n R). 
In eq. (2 ′ ), take b = se n e n−1 . Then c n σ n (se n e n−1 a m−2 )+c n−1 σ n−1 (se n e n−1 a m−1 )+c n−2 σ n−2 (se n e n−1 a m ) = 0.
But c n σ n (se n e n−1 a m−2 ) = c n−1 σ n−1 (se n e n−1 a m−1 ) = 0.
Hence c n−2 σ n−2 (se n e n−1 a m ) = 0, so c n−2 se n e n−1 a m = c n−2 sa m = 0, thus a m ∈ r R (c n−2 R) = e n−2 R and so a m ∈ e n e n−1 e n−2 R. The eq.
then a m−1 ∈ r R (c n−1 R) = e n−1 R and so a m−1 ∈ e n e n−1 R. From eq. (2 ′′ ), we obtain also c n σ n (ba m−2 ) = 0 = c n ba m−2 , so a m−2 ∈ e n R. Summarizing at this point, we have a m ∈ e n e n−1 e n−2 R, a m−1 ∈ e n e n−1 R and a m−2 ∈ e n R. 
Let b = se n e n−1 e n−2 in eq. (3 ′ ), we obtain c n σ n (se n e n−1 e n−2 a m−3 ) + c n−1 σ n−1 (se n e n−1 e n−2 a m−2 ) +c n−2 σ n−2 (se n e n−1 e n−2 a m−1 ) + c n−3 σ n−3 (se n e n−1 e n−2 a m ) = 0.
By the above results, we have
c n σ n (se n e n−1 e n−2 a m−3 ) = c n−1 σ n−1 (se n e n−1 e n−2 a m−2 ) = c n−2 σ n−2 (se n e n−1 e n−2 a m−1 ) = 0, then c n−3 σ n−3 (se n e n−1 e n−2 a m ) = 0, so c n−3 se n e n−1 e n−2 a m = c n−3 sa m = 0, hence a m ∈ e n e n−1 e n−2 e n−3 R, and eq. (3 ′ ) simplifies to
In eq. (3 ′′ ) substitute se n e n−1 for b to obtain c n σ n (se n e n−1 a m−3 )+c n−1 σ n−1 (se n e n−1 a m−2 )+c n−2 σ n−2 (se n e n−1 a m−1 ) = 0.
But c n σ n (se n e n−1 a m−3 ) = c n−1 σ n−1 (se n e n−1 a m−3 ) = 0.
So c n−2 σ n−2 (se n e n−1 a m−1 ) = 0 = c n−2 se n e n−1 a m−1 = c n−2 sa m−1 . Hence a m−1 ∈ e n e n−1 e n−2 R, and eq. (3 ′′ ) simplifies to
In eq. (3 ′′′ ) substitute se n for b to obtain c n σ n (se n a m−3 ) + c n−1 σ n−1 (se n a m−2 ) = 0.
But c n σ n (se n a m−3 ) = 0, so c n−1 σ n−1 (se n a m−2 ) = 0 = c n−1 se n a m−2 = c n−1 sa m−2 . Hence a m−2 ∈ e n e n−1 R, and eq. (3 ′′′ ) simplifies to c n σ n (ba m−3 ) = 0, then c n ba m−3 = 0. Hence a m−3 ∈ e n R.
Summarizing at this point, we have a m ∈ e n e n−1 e n−2 e n−3 R, a m−1 ∈ e n e n−1 e n−2 R, a m−2 ∈ e n e n−1 R, and a m−3 ∈ e n R. Continuing this procedure yields
Finally, by Claims 1 and 2, we have
From Example 4, we can see that the condition "R satisfies (C σ )" in Proposition 3.1 is not superfluous. On the other hand, there is an example which satisfies all the hypothesis of Proposition 3.1. 
Re is σ-stable for all e ∈ S ℓ (R). Idempotents of R are of the form e 0 = A ⊕ 0 and e 1 = A ⊕ 1, for some idempotent A ∈ T n (R 1 ). Since σ(e 0 ) = e 0 and σ(e 1 ) = e 1 , we have the stability desired. Note that R is not reduced, and hence it is not σ-rigid. Proof. Let S = R[x; σ, δ] and a ∈ R. By [9, Lemma 5] , there exists e ∈ S ℓ (R), such that r S (aS) = eS, in particular aRe = 0, then e ∈ r R (aR), also eR ⊆ r R (aR). Conversely, if b ∈ r R (aR), we have aRb = 0, then b = ef for some f = α 0 + α 1 x + α 2 x 2 + · · · + α n x n ∈ S, but b ∈ R, thus b = eα 0 . Therefore b ∈ eR. So that r R (aR) = eR. From Example 3, we see that Theorem 3.4 is a generalization of [11, Corollary 15] . There is an example of a ring R and a quasi-derivation (σ, δ), which satisfies all the hypothesis of Theorem 3.4.
Example 6 ([2, Example 3.11]). Let R = C where C is the field of complex numbers. Define σ : R → R and δ : R → R by σ(z) = z and δ(z) = z − z, where z is the conjugate of z. σ is an automorphism of R and δ is a σ-derivation. We have (i) R is Baer (so right p.q.-Baer) reduced; (ii) R is σ-rigid, then it is (σ, δ)-skew Armendariz and satisfies (C σ ). [8, Corollary 2.8] .
Remark. Example 1, shows that Theorem 3.4 is not a consequence of
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